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Based on the Bardeen Cooper Schrieffer (BCS) theory of superconductivity, the coherent splitting of Cooper
pairs from a superconductor to two spatially separated quantum dots has been predicted to generate nonlocal
pairs of entangled electrons. In order to test this hypothesis, we propose a scheme to transfer the spin state of
a split Cooper pair onto the polarization state of a pair of optical photons. We show that the produced photon
pairs can be used to violate a Bell inequality, unambiguously demonstrating the entanglement of the split Cooper
pairs.
I. INTRODUCTION
Entanglement [1], i.e., correlations between parts of a quan-
tum system that defy any classical description, lies at the heart
of quantum mechanics. It is the basis for many applications
of quantum information theory, such as quantum teleporta-
tion [2], quantum computing [3], quantum cryptography [4],
and quantum metrology [5]. The first experimental demon-
stration of entanglement has been achieved by violating Bell’s
inequality [6] with polarization-entangled optical photon pairs
generated during spontaneous parametric down-conversion in
a nonlinear crystal [7]. In many applications, it is desirable to
have a source of entangled pairs of spatially separated par-
ticles. Such pairs are called EPR pairs in reference to the
seminal work of Einstein, Podolsky and Rosen on the com-
pleteness of quantum mechanics [8].
Compared to quantum optical scenarios, the generation
of electronic EPR pairs is rather challenging. EPR pairs
of electrons are nonetheless highly desirable because an on-
demand generation of such pairs would facilitate certain quan-
tum communication tasks in solid-state devices [9]. Theo-
retically, a conventional s-wave superconductor provides a
natural source for electronic EPR pairs [10–15, 18, 20, 21]:
the electrons in a BCS superconductor form spin singlet
Cooper pairs in the ground state. Following theoretical pro-
posals [11, 12], the coherent splitting of Cooper pairs, orig-
inating from a superconducting electrode, into two spatially
separated electrons on neighboring quantum dots (QDs) has
recently been demonstrated experimentally [13–15]. While
measurements of the current flowing out of the QDs have in-
deed demonstrated the splitting of Cooper pairs, the detec-
tion of the spin entanglement of the expected electronic sin-
glet state has so far remained elusive. Similar devices can be
used as a tool to detect unconventional pairing in supercon-
ductors [16] or to entangle mechanical resonators [17].
Detecting the entanglement of electronic EPR pairs is not
as straightforward as it is with their counterparts in quantum
optics. Several works [19, 20, 22, 23] propose to violate a
Bell-type inequality with current noise measurements. How-
ever, this will require accurate measurements of the cross-
correlations between the currents from the two QDs. A mea-
surable signal only emerges if these currents are large enough,
i.e., for a strong coupling of the QDs to the measurement
+-
+-
FIG. 1. Schematics of a possible realization of the entanglement
transfer scheme. The perforated blue slab represents a photonic crys-
tal with two cavities (central areas without holes). Photons in each
cavity are coupled to the respective QDs (red domes) via electric
dipole interactions. The QDs are tunnel coupled to a superconduc-
tor (yellow half-disc on top). Gates (gray slabs) allow for tuning of
the QD chemical potentials. The emission cones of the entangled
photons are depicted as red and blue shades.
device (“open quantum dots”). This conflicts with the re-
quirement of isolating the QDs from the environment (“closed
quantum dots”), which is necessary for splitting Cooper pairs
coherently in the first place. Moreover, most existing propos-
als involve the use of strong ferromagnets and complex sam-
ple geometries, and neglect (possibly long-range) electron-
electron interactions when computing the current-current cor-
relations. As shown in Ref. [24], such interactions can re-
duce the measured entanglement signal. Another approach,
which is closest in spirit to our work, is taken in [25, 26].
These authors investigate the possibility to transfer electron
spin entanglement to photon polarization states. These partic-
ular schemes however, suffer from a low detection efficiency
and require the use of additional quantum resources to gener-
ate a pure two-photon state [27]. Very recently, the possibility
of generating polarization entangled photons in a supercon-
ducting p-n junction has been proposed [29].
Our proposal avoids the above difficulties by converting the
spin entanglement of a single Cooper pair into polarization
entanglement of a single pair of optical photons and requires
only classical resources such as laser drives and tunable gate
voltages. Because photons do not interact with each other,
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2photonic entanglement is more robust to perturbations than
electronic entanglement, and can be detected using standard
Bell-type measurements. Provided sufficiently independent
cavities are used (See Appendix. F and Ref. [28]), there can
be no doubt that the entanglement ultimately measured stems
from the split Cooper pair because our entanglement transfer
scheme involves only local operations. Since our scheme does
not involve the measurement of electronic currents, it works
even in closed QDs. Finally, we show that the entanglement
transfer can be carried out on time scales small compared to
T2, the intrinsic coherence time of the QDs (see Appendix G).
II. SETUP
Let us first present our proposed experimental setup in more
detail. A schematic drawing of a possible realization is shown
in Fig. 1. Our starting point is the typical setup for Cooper
pair splitters, i.e., a superconductor which is tunnel coupled to
two nearby QDs [11]. The spacing between the QDs should
be smaller than the superconducting coherence length and the
QDs are assumed to be in the Coulomb blockade regime such
that adding an electron to the QDs requires a large charg-
ing energy U. The onsite energies of the QDs can be tuned
via gate voltages. Splitting a Cooper pair into a singlet state
shared between the two QDs becomes energetically possible
if the total energy of the singlet state coincides with the chem-
ical potential of the superconductor. Both QDs are embedded
into optical cavities that serve as frequency filters allowing
only certain desired optical transitions. The small distance
between the QDs rules out conventional optical cavities, but
photonic crystal cavities are nowadays easy to manufacture
at the required length scales and can have optical linewidths
and frequencies compatible with our proposal [33]. Moreover,
cavities with high quality factors and directional out-coupling
of photons into a narrow solid angle for high-efficiency col-
lection have been fabricated [30–32] and self-assembled QDs
have been successfully embedded into photonic crystals in
several experiments [33–35].
III. ENTANGLEMENT TRANSFER SCHEME
We will now present our scheme for transferring the spin
entanglement of a Cooper pair onto the polarization state of a
photon pair. For simplicity, we discuss a left-right symmetric
setup. To be specific, we assume that the QDs are realized
as self-assembled GaAs QDs. The relevant electronic lev-
els are thus generated from the light-hole (lh) and heavy-hole
(hh) bands forming the valence band, as well as the conduc-
tion band (cb). The energy difference between the hole bands
∆E = Ehh − Elh is of the same order as the superconducting
gap ∆, whereas the transition frequency between the valence
band and the conduction band is in the optical frequency range
[36]. Moreover, we assume that a weak magnetic field is ap-
plied which causes a Zeeman splitting ∆Z (with |∆Z |  ∆,∆E)
of all electronic levels.
The entanglement transfer can be split into initialization
FIG. 2. Level diagram and schematics of the three phases of the
entanglement transfer. The lowest light-hole states |lh, ↓〉L,R are oc-
cupied and transitions into them are forbidden because of the Pauli
principle (hash marks).
and three phases, which we discuss next. A schematic level
diagram along with the essential steps of our scheme is shown
in Fig. 2.
Initialization: Initially, the gate voltages of the QDs are
tuned in such a way that the lowest light-hole states on each
QD, |lh, ↓〉L and |lh, ↓〉R, are occupied. Furthermore the heavy-
hole level resides in the superconducting gap but is detuned
with respect to the chemical potential of the superconductor.
Phase 1: The splitting of a Cooper pair is achieved by
tuning the gate voltages to bring the heavy-hole level into
resonance with the chemical potential of the superconductor.
Single-particle tunneling is suppressed due to the large su-
perconducting gap. Furthermore, the large onsite Coulomb
interaction in the QD suppresses the tunneling of both elec-
trons of a Cooper pair onto the same QD. The Cooper pair
splitting process, where one electron tunnels to each QD, is
thus the dominant process [11]. When the separation between
the QDs is much smaller than the superconducting coherence
length, the Cooper pair splitting rate is (see Appendix A)
~Γc ≈ piρ0wLwR[1− (∆Z/2∆)2]−1/2. Here, wL (wR) denotes the
electronic tunnel amplitude between the superconductor and
the left (right) QD and ρ0 denotes the normal-state density of
states of the superconductor. If Γc  1/T2, where T2 is the
intrinsic coherence time of the QDs, this process is coherent
and leads to Rabi oscillations between the superconductor and
the heavy-hole states on the QDs. Ideally, after half a period,
the double-QD is occupied by a singlet state and the oscilla-
tion is stopped by detuning the heavy-hole level away from
resonance.
Phase 2: Next, the electrons in the QDs are excited from
the heavy-hole to the conduction band. This is achieved by
switching on a strong drive laser on each of the two QDs,
with frequency ~ωdrive ≈ Ecb −Ehh. A linearly polarized drive
can be used, which induces spin conserving transitions. Af-
ter half a Rabi period the laser is switched off, having lifted
the singlet state into the conduction band levels. If the Zee-
man splittings of the heavy hole and conduction bands differ,
one may use two drive lasers per QD to satisfy the resonance
conditions for the two different transition frequencies simul-
taneously. The duration of this step is inversely proportional
3to the drive strength and can thus be made fast compared with
T2.
Phase 3: The resonance frequencies of the two optical cav-
ities are chosen to be close to the transition frequency be-
tween the conduction band and the light-hole band, ~ωcav ≈
Ecb − Elh. Furthermore, the cavity linewidth κ is assumed to
be much smaller than the frequency separation between the
light- and heavy-hole bands, i.e., κ  (Ehh − Elh)/~. There-
fore, the decay of the conduction band electrons into the light-
hole band due to the dipole coupling of strength ~g between
electrons and photons, will be strongly enhanced, whereas the
decay into heavy-hole states is suppressed. Since the lowest
light-hole state |lh, ↓〉 is always occupied, a conduction band
electron in the states |cb, ↑〉 or |cb, ↓〉 can only transition to the
empty |lh, ↑〉 state via the emission of a linearly or circularly
polarized photon, respectively.
To investigate these three phases, we have numerically
solved the Schro¨dinger equation for the full system in the co-
herent limit κ → 0 (see Appendix B). Figure 3 shows the evo-
lution during each phase of the occupation of the electronic
levels and the cavity mode for an optimal choice of the drive
strengths and drive durations. In the limit κ → 0, the emitted
photons undergo coherent oscillations between the QD and
the cavity. Ideally, after half a Rabi period ≈ pi/(2g), the elec-
trons in both QDs occupy the |lh, ↑〉 states while the electronic
entanglement has been transferred to the photons.
IV. PHOTON EXTRACTION AND BELL TEST
In a real experiment, the photons need to be extracted from
the cavities for measurement. This is achieved by coupling
each cavity to a continuum of modes, e.g., as provided by a
waveguide. Hence, the cavity acquires a finite loss rate κ > 0.
As discussed further below, we will focus on the weak cou-
pling limit, where g  κ. In this limit, the coherent oscil-
lations are suppressed and the photons are emitted into the
continuum on a time scale ∝ κ/g2.
Once both photons have been emitted, the electronic singlet
has been transferred onto a two-photon state, ideally given by
|ψ〉ph = N
(∣∣∣ωl, l〉L ∣∣∣ω	,	〉R − ∣∣∣ω	,	〉L ∣∣∣ωl, l〉R) . (1)
Here |ωp, p〉, with p ∈ {l,	}, represents the photon states
emitted into the continuum modes with either linear (l) or
circular (	) polarization, and ωp denotes the correspond-
ing transition frequency. Importantly, because of the finite
linewidth of the electronic levels, the emitted photons are
spread out in frequency. Let us characterize the frequency
overlap by ε = 1 − | 〈ωl|ω	〉 |2. The normalization of the
above photonic state |ψ〉ph is then given by N = (1 + ε)−1/2.
As we show next, the entanglement of the state (1) can be de-
tected by standard polarization measurements, as long as ε is
below a certain threshold value.
The density matrix of the polarization degree of freedom
is obtained by tracing ρph = |ψ〉 〈ψ|ph in Eq. (1) over the fre-
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FIG. 3. Upper panel: Schematics of the three phases showing
Cooper pair splitting in phase one, laser-driven spin-conserving tran-
sitions populating the conduction band states in phase two, and emis-
sion of entangled photons into the cavities in phase three. Lower
panel: Numerically calculated time evolution, in the coherent limit
κ → 0, of the occupation probability of various electronic and pho-
tonic modes. At the end of phase one, marked by t1 = pi/2Γc, the
electronic occupation per spin in the heavy-hole band reaches its
maximum (≈ 0.5). During phase two, between t1 and t2, the elec-
tronic population is transferred from the heavy-hole band to the con-
duction band. Once the conduction band is occupied the electrons
can transition from the conduction band to the light-hole band by
emitting photons into the cavity. At the end of phase three, marked by
t3, the electronic system is in the product state |ψ〉el ≈ |lh, ↑〉L |lh, ↑〉R,
and the entanglement has been transferred to the photonic degree of
freedom (see text and Fig. 6).
quency degree of freedom,
ρpol =
1
1 + ε
[
|l,	〉 〈l,	| + |	, l〉 〈	, l|
− (1 − ε) (|l,	〉 〈	, l| + h.c.)
]
, (2)
where we have introduced the shorthand notation |l,	〉 ≡
|l〉L ⊗ |	〉R and similar for the other two-photon polariza-
tion states. In the limit ε → 1, corresponding to dis-
tinguishable frequencies, the state (2) is separable: ρpol =(
ρ(L)l ⊗ ρ(R)	 + ρ(L)	 ⊗ ρ(R)l
)
/2 with ρ(α)p = |p〉 〈p|α. In the other
limit ε → 0, corresponding to indistinguishable frequencies,
the state (2) is maximally entangled: ρpol = |ψ−〉 〈ψ−| with
|ψ−〉 = ( |l,↔〉 − |↔, l〉 )/√2. To obtain the latter expres-
sion, we have decomposed the circularly polarized state as
4cb
lh
ωc
g2
κ
ωl ω	
FIG. 4. Schematics of the level scheme relevant for the frequency
disentangling Purcell emission process. We omit the filled lower lh
states because transitions to the latter are blocked (see text).
a superposition of two orthogonal linearly polarized states
|	〉 = (|l〉+i |↔〉)/√2. Thus, depending on the value of ε, the
polarization degree of freedom may or may not be entangled.
An experimentally accessible way of demonstrating entan-
glement in polarization is provided by the violation of the
Clauser-Horne-Shimony-Holt (CHSH) variant of Bell’s in-
equality [37]; by now a standard technique of quantum op-
tics [7]. In our case, we find that ρpol violates the CHSH in-
equality if (see Appendix C)
ε <
√
2 − 1√
2 + 1
. (3)
To relate ε with the parameters of our model, we use the
Weisskopf-Wigner (WW) theory [38] of the Purcell effect,
which allows us to derive analytically the state of the pho-
tons emitted into the continuum by the electronic system via
the cavity.
The relevant part of the level scheme is depicted in Fig. 4.
We consider the zero-temperature limit where the cavity is
initially empty. In each QD, the problem then separates into
two independent Purcell emission processes, corresponding to
transitions from the conduction band levels |cb, ↑〉 and |cb, ↓〉
into the unoccupied light-hole state |lh, ↑〉 (blue and red ar-
rows in Fig. 4). For each of these transitions, the photon
emission process can be described by the Jaynes-Cummings
Hamiltonian [39], where the cavity mode is coupled to a
bosonic quasi-continuum. Within the WW theory, the asso-
ciated Schro¨dinger equation can be solved analytically (see
Appendix D) and the solution is given by
|ψ〉 = ce |1, 0, {0}〉 + ca |0, 1, {0}〉 +
∑
k
Ck |0, 0, {1k}〉 . (4)
Here |n,m, {sk}〉 denotes a state with n electrons in the conduc-
tion band level, m photons in the cavity mode and sk photons
with momentum k in the continuum (|{0}〉 denotes the vac-
uum state of the continuum). Since we want to extract the
photons quickly and avoid coherent oscillations between the
cavity and the electrons, we focus on the weak-coupling, near-
resonant regime where g, |δ|  κ. Here δ = ωcav − ω0 is the
detuning of the cavity mode ωcav from the spin-conserving
and spin-flipping electronic transitions with frequencies ω0 =
ωl = (Ecb↑ −Elh↑ )/~ and ω0 = ω	 = (Ecb↓ −Elh↑ )/~, respectively.
At long time t  κ/g2, ce(t) and ca(t) vanish (see Fig. 5,
panel (c)), while the amplitude of the emitted photon Ck(t)
asymptotically goes towards (see Fig. 5 panels (a) and (b) and
Appendix D)
Ck(t  κ/g2) ≈
−ν0ge−iωk t(
κ0 + i(ω0 − ωk)
) (
κc + i(ωcav − ωk)
) , (5)
where κ0 ≈ g2/κ, κc ≈ κ − g2/κ, ωk is the photon frequency
in the continuum, and ν0 is the coupling constant between the
cavity mode and the continuum. The state of the emitted pho-
ton can be written as
|ω0〉 =
∑
k
Ck(t) |{1k}〉 . (6)
In the long time limit, the distribution of the emitted photons
is centered on the frequency ω0 and its width is determined by
the Purcell rate κ0, because this is the smaller of the two rates
κc and κ0.
Equation (5) allows us to evaluate the overlap in frequency
of two photons emitted during the spin-conserving and spin-
flipping transitions. For ∆Z  κ0, we can expand to leading
order in |ωl − ω	|/κ0 and find
ε = 1 − ∣∣∣〈ωl∣∣∣ω	〉∣∣∣2 = 1 − ∣∣∣∣∑
k
(Clk )
∗C	k
∣∣∣∣2 ≈ (ωl − ω	2κ0
)2
.
(7)
Hence, from Eqs. (3) and (7), we find that the state of the
emitted photons is entangled in polarization if∣∣∣∣ωl − ω	∣∣∣∣
g2/κ
< 2
(√
2 − 1
)
≈ 0.83. (8)
Thus, if the linewidth of the conduction band levels induced
by the Purcell effect is larger than the Zeeman splitting of the
conduction band doublet, it is possible to violate Bell’s in-
equality, thereby demonstrating the entanglement of the split
Cooper pair.
V. SENSITIVITY TO IMPERFECTIONS
So far we have discussed the ideal case without any imper-
fections. To quantify the sensitivity of the proposed scheme
to realistic parameter variations, we use the numerical sim-
ulations for the coherent system (κ → 0). In this case, the
irreversible Purcell emission in phase three is replaced by co-
herent Rabi oscillations between the electronic system and the
cavity (see Fig. 3). After half-integer multiples of the Rabi
period, the photonic state in the cavities is ideally given by
Eq. (1). The fidelity of the actually generated photonic state
50.6 0.8 1.0 1.2 1.4 1.6 1.8
ωk/ω0
0.00
0.05
0.10
0.15
0.20
0.25
0.30
|C
k
(t
)|2
t = 0.20κ/g2
0.4 1.0 1.6
10−4
10−3
10−2
10−1
100
101(a)
0.6 0.8 1.0 1.2 1.4 1.6 1.8
ωk/ω0
0
2
4
6
8
10
12
14
16
|C
k
(t
)|2
t = 5.00κ/g2
0.4 1.0 1.6
10−4
10−3
10−2
10−1
100
101(b)
0 1 2 3 4 5
tg2/κ
0.0
0.2
0.4
0.6
0.8
1.0
oc
cu
pa
tio
n
pr
ob
ab
ili
ty
∑
k |Ck(t)|2
|ca(t)|2
|ce(t)|2
(c)
FIG. 5. Panels (a) and (b): Snapshots of the frequency distribution of the emitted photon. At short time t  κ/g2, transient coherent
oscillations are clearly visible in the logarithmic plot shown in the inset (a) and are suppressed at long time t  κ/g2, when the distribution
becomes Lorentzian (b). Panel (c): Evolution of the occupation probabilities of electronic state, cavity mode and integrated continuum modes.
Note that the cavity population |ca(t)|2 remains small at all time.
computed numerically with this ideal state is shown in the
top panel of Fig. 6. To quantify the entanglement of the pho-
tonic state generated in the cavity, we compute its logarithmic
negativity [40]. This is shown in the bottom panel of Fig. 6.
Both the fidelity and the logarithmic negativity are shown as
a function of the asymmetry of the electron-photon coupling
strengths for the two polarizations g	/gl and as a function of
the detuning δElh between the cavity mode and the electronic
transition frequency between conduction band and light-hole
band. We stress that since only local unitary operations are
applied to each QD, the positivity of the logarithmic nega-
tivity of the photonic state bears witness to the entanglement
of the split Cooper pair. As expected, the optimal entangle-
ment transfer takes place closest to resonance and for equal
coupling strengths. However, sizeable and detectable photon
entanglement remains even away from the optimal point. In
Appendix E, we further show that photonic entanglement per-
sists even in the presence of finite electronic decoherence. Fi-
nite temperature effects are not included in the present work
but could be an interesting topic for future investigation.
VI. CONCLUSION
In conclusion, we have proposed a hybrid electro-optical
scheme to detect entanglement of split Cooper pairs. By map-
ping the spin entanglement of electrons to the polarization
entanglement of optical photons, we avoid several difficul-
ties of previous proposals. Provided cavities with little cross-
talk at a distance smaller than the superconducting coher-
ence length can be fabricated [28] (see also Appendix F), our
scheme could be implemented by combining state-of-the-art
technologies: a photonic crystal cavity with coupling strength
g ≈ 20 GHz [33] and linewidth κ ≈ 100 GHz leads to g2/κ ≈
4 GHz. This exceeds the Zeeman splitting ∆Z ≈ 0.1 GHz
corresponding to a magnetic field of 10 mT. With a typical
Cooper pair splitting rate of Γc ≈ 2 GHz [14], the entire en-
tanglement transfer can thus be performed fast compared to
typical decoherence rates, 1/T2 ≈ 0.01 GHz [41]. Our scheme
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FIG. 6. Upper panel: Fidelity F = 〈ψ|ρph|ψ〉ph of the numerically
computed photonic state ρph with the ideal state |ψ〉ph of Eq. (1).
Lower panel: Logarithmic negativity of ρph as a function of photon
coupling asymmetry g	/gl and detuning δElh = ~ωl − (Ecb − Elh)
between the cavity resonance and the electronic transition frequency.
The larger the value of the logarithmic negativity, the more entangle-
ment is present.
can thus be used to verify the entanglement-preserving nature
of the Cooper pair splitting process [13]; a crucial step to-
wards realizing a reliable source of electronic EPR pairs in
the solid state.
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6Appendix A: Effective Hamiltonian for Cooper pair splitting
In this appendix, we present a systematic derivation of the
Cooper pair tunneling rate using the Schrieffer-Wolff (SW)
transformation. The system under investigation is described
by the Hamiltonian H = HSC + HL + HR + KSC−QD, where
HSC =
∑
kσ
Ekγ
†
kσγkσ (A1)
describes a conventional BCS superconductor. Here, γkσ is
the quasiparticle annihilation operator (with momentum k and
spin σ ∈ {↑, ↓}), which is defined by γkσ |BCS〉 = 0, where|BCS〉 denotes the BCS ground state. The quasiparticle ener-
gies are given by Ek =
√
ξ2k + ∆
2, where ∆ is the supercon-
ducting gap and ξk is the normal-state single-electron energy
as measured from the chemical potential of the superconduc-
tor (henceforth set to zero).
Only the electronic states in the heavy-hole (hh) band of
the quantum dots are included in the derivation of the Cooper
pair tunneling rate. States in the light-hole and conduction
bands can be safely ignored due to their larger detuning from
the superconductor’s chemical potential. The Hamiltonian de-
scribing the quantum dots is
Hα =
∑
σ
(
E(hh) + σ
∆Z
2
)
n(hh)ασ , (A2)
where σ ∈ {↑, ↓} = {+,−} and α ∈ {L,R} denotes the left and
right quantum dots, respectively. Moreover, n(hh)ασ = c
(hh)†
ασ c
(hh)
ασ
is the corresponding number operator given in terms of the
electronic creation (c(hh)†ασ ) and annihilation (c
(hh)
ασ ) operators
for the electrons in the heavy-hole bands. For simplicity, we
have assumed that the left and right quantum dots have the
same orbital and Zeeman energies. Furthermore, the quantum
dots are assumed to be in the Coulomb blockade regime, so
double occupancy of the heavy-hole bands is forbidden. The
tunnel coupling between the superconductor and the quantum
dots is described by
KSC−QD =
∑
σ
∑
α
wα
(
c(hh)ασ ψ
†
σ(rα) + h.c.
)
, (A3)
where wα is the corresponding electron tunneling amplitude
and ψ†σ(rα) creates an electron (with spin σ) at position rα
in the superconductor. Going to momentum space, we can
express the tunnel coupling in terms of the electron creation
(d†kσ) and annihilation (dkσ) operators for the superconductor,
which are related to the quasiparticle operators via the Bogoli-
ubov transformation
dk↑ = ukγk↑ + vkγ
†
−k↓,
d−k↓ = ukγ−k↓ − vkγ†k↑. (A4)
Here, uk = (1/
√
2)
√
1 + ξk/Ek and vk = (1/
√
2)
√
1 − ξk/Ek
are the usual BCS coefficients.
We express the original Hamiltonian as H = H0 + KSC−QD.
We wish to determine a unitary transformation U = e−S that
eliminates KSC−QD to linear order in wα. Choosing the anti-
Hermitian operator S ∼ O(wα) such that
[H0, S ] = −KSC−QD, (A5)
the transformed Hamiltonian becomes, to second order in
wα/∆
HSW = e−SHeS ≈ H0 + 12[KSC−QD, S ] + O(w
3
α). (A6)
The solution of (A5) is given by
S =
∑
α
∑
kσ
(
γkσXαkσ − h.c.
)
, (A7)
where
Xαk↑ = wα
 ukeik·rαc(hh)†α↑Ek − E(hh) − ∆Z2 +
v∗ke
ik·rαc(hh)
α↓
Ek + E(hh) − ∆Z2

Xαk↓ = wα
 ukeik·rαc(hh)†α↓Ek − E(hh) + ∆Z2 −
v∗ke
ik·rαc(hh)
α↑
Ek + E(hh) + ∆Z2
 . (A8)
The effective Hamiltonian at low temperatures and for large
Coulomb repulsion is then obtained by projecting HSW onto
the subspace where all quasiparticle states are empty and the
two heavy-hole states of a given quantum dot contain at most
one electron. To second order in wα, we obtain
Heff = H0 +
∑
k
[
wLwR
2
(∑
σ,σ′
ukvk
Ek + σE(hh) + σ′∆Z/2
)(
eσσ
′ik·δrc(hh)†L↓ c
(hh)†
R↑ − e−σσ
′ik·δrc(hh)†L↑ c
(hh)†
R↓
)
+ wLwR
( |vk|2
Ek − E(hh) − ∆Z/2 −
|uk|2
Ek + E(hh) + ∆Z/2
)
c(hh)†L↓ c
(hh)
R↓ e
ik·δr
+ wLwR
( |vk|2
Ek − E(hh) + ∆Z/2 −
|uk|2
Ek + E(hh) − ∆Z/2
)
c(hh)†L↑ c
(hh)
R↑ e
ik·δr + h.c.
]
, (A9)
where δr = rL − rR. The first term in the brackets describes
the coherent Cooper pair splitting while the second and third
terms describe an effective spin-conserving inter-dot coupling.
We note that the latter two terms are suppressed by a small
7factor ∆Z/∆  1 compared to the first one, and therefore
can be safely ignored. The sum over k can be performed by
linearizing the spectrum around the Fermi energy and using
ukvk = ∆/(2Ek). The effective Hamiltonian can then be writ-
ten as
Heff = H0 +
∑
α=L,R
(
~Γcc
†
α↑c
†
α¯↓ + h.c.
)
, (A10)
where
~Γc = wLwRpiρ0
sin(kF |δr|)
2kF |δr|
∑
j=±
e−η j |δr|/(piξ)
η j
. (A11)
Here, kF is the Fermi momentum, ξ is the superconducting
coherence length, ρ0 is the normal-state density of states at
the chemical potential of the superconductor, and
η± =
√
1 −
(
E(hh) ± ∆Z/2
∆
)2
(A12)
On resonance, i.e., for E(hh) = 0 and in the limit δr/ξ → 0,
Eq. (A11) reduces to the expression given in the main text.
Appendix B: Numerical simulation
To describe the dynamics of our entanglement transfer
scheme, we use a real-time simulation of the system from the
initial emission of the Cooper pair into the quantum dots to
the final emission of the polarization entangled photons into
the cavities. We will distinguish three phases:
In phase one, we use the gates to load a singlet into the
heavy-hole state of the quantum dots. This phase is described
by the Hamiltonian, H1(t) = HL + HR + Hprox + Hdip(t), where
(for α ∈ {L,R}, σ ∈ {↑, ↓} = {+,−}, and ν ∈ {cb, hh, lh}),
Hα =
∑
σ
E(ν)σ n
(ν)
ασ + Unα(nα − 1), (B1)
Hprox = ~Γc
∑
α
(
c(hh)†
α↑ c
(hh)†
α¯↓ + h.c.
)
,
Hdip(t) = f (t) (nL + nR) .
The left and right dots are described by the Hamiltonians
Hα, which contain the different Zeeman-split orbital energies,
E(ν)σ = E(ν) + σ∆Z/2, and the charging energy U. The elec-
tronic creation and annihilation operators for the individual
orbitals are denoted by c(ν)†ασ and c
(ν)
ασ, respectively. The cor-
responding number operators are n(ν)ασ = c
(ν)†
ασ c
(ν)
ασ and the total
number of particles on a given dot is denoted by nα =
∑
νσ n
(ν)
ασ.
The amplitude of the proximity coupling Γc can be found us-
ing a Schrieffer-Wolff transformation, see Eq. (A11). It is
the dominant coupling mechanism near resonance, i.e., for
E(hh)↑,L + E
(hh)
↓,R = E
(hh)
↓,L + E
(hh)
↑,R = 0, because all other possible
tunneling terms between the superconductor and the quantum
dots are strongly suppressed for large U or ∆. The Hamil-
tonian Hdip(t) describes a time-dependent shift of the onsite
energies, and will be used to establish the resonance condi-
tion for half a Rabi period, f (t) ≈ −E(hh)Θ(t)Θ(t1 − t), where
Θ(t) denotes the Heaviside function. At time t1 = pi/(2Γc),
there is a high probability that a singlet occupies the quantum
dots.
In phase two, the singlet state is pumped from the heavy-
hole band into the conduction band, and in phase three, the
conduction band electrons transition to the light-hole band
emitting photons. These phases are governed by the Hamil-
tonian H2,3 =
∑
α(Hα + Hα,ph + Hα,transfer + Hα,drive), where
Hα,ph =
∑
p=l,	
~ωαpa
†
αpaαp, (B2)
Hα,drive(t) = Adrive(t)e−iωdrivet
∑
σ
c(cb)†ασ c
(hh)
ασ + h.c.,
Hα,transfer = ~g
∑
σ
[
aαlc
(cb)†
ασ c
(lh)
ασ + aα	c
(cb)†
ασ c
(lh)
α,σ¯ + h.c.
]
.
For the numerical simulation, we use two optical cavity modes
with linear and circular polarizations and frequencies ωl and
ω	, respectively, to simulate the effect of a single cavity mode
with a nonzero linewidth. The cavity modes are described
by Hα,ph. The drive Hamiltonians Hα,drive(t) model the effect
of a drive laser with frequency ~ωdrive ≈ E(cb) − E(hh) and
causes spin-conserving Rabi oscillations between the heavy
hole and conduction band. We assume that its amplitude has
the form Adrive(t) = ~A0Θ(t − t1)Θ(t2 − t), where t2 − t1 ≈
pi/(2A0) is about half a Rabi period. Note that in order for
the drive to efficiently transfer both spin states of the heavy-
hole doublet, the width of its frequency spectrum ∼ A0 should
be larger than the detuning due to different Zeeman splittings
in the heavy hole and conduction bands. Alternatively one
may use two narrow bandwidth lasers tuned on resonance with
each transition. At the end of phase two (at t = t2), the singlet
state will then reside in the conduction band.
Once the conduction band is occupied, the electrons can
transition from the conduction band to the light-hole band by
emitting photons into the cavity. This is described by the cou-
pling Hamiltonian Hα,transfer, which leads to Rabi oscillations
between the electrons and the cavity photons. In this process,
the electron may (or may not) flip its spin, thereby emitting
a circularly (linearly) polarized photon. Importantly, we as-
sume that the gate voltages ensure that the lowest heavy-hole
state at energy E(lh)↓ is always occupied, so that transitions into
this state are blocked due to Pauli exclusion principle. For
the numerical simulation, we assume that the photon frequen-
cies are close to resonance with the respective transitions, i.e.,
~ωl ≈ E(cb)↑ − E(lh)↑ and ~ω	 ≈ E(cb)↓ − E(lh)↑ . Again, after half
a Rabi period pi/(2g) (at time t = t3), ideally the electronic
system is in the product state |ψ〉el ≈ |lh, ↑〉L |lh, ↑〉R, whereas
the photon degree of freedom should now be entangled.
A plot of the numerical result is shown in Fig. 6 of the main
text. It shows the transfer of electron population between the
heavy-hole band at the beginning (t = t1) and the light-hole
band at the end (t = t3) for an optimal choice of drive du-
rations and strengths. Moreover, it shows an increase in the
photon occupation of the cavities, which are assumed to be
empty before the beginning (t = t1), towards the end of phase
8three (t = t3). Using these numerical results, it is convenient
to quantify the entanglement in the final state by calculating
the logarithmic negativity of the photon state. The logarith-
mic negativity is given by EN(ρph) = log2(||ρTL,Rph ||1), where
ρph = trel
[
ρtot
]
denotes the density matrix of photons, and TL,R
means partial transposition with respect to either subsystem L
or R. We investigated the logarithmic negativity in the final
photon state as a function of the ratios g	/gl and δElh (see
Fig. 6 of the main text).
Let us stress that the entanglement witnessed by the positive
values of the logarithmic negativity can only stem from the
entanglement of the split Cooper pair, since only local unitary
operations are performed on the two subsystems.
Appendix C: CHSH inequality and entanglement of ρpol
The CHSH variant of Bell’s inequality used in this work to
demonstrate entanglement is expressed in terms of the photon
polarization correlation function
B = tr
[
ρpol
(
L ⊗ (R − R′) + L′ ⊗ (R + R′))] . (C1)
An appropriate choice for the operators L, L′, R and R′ is con-
veniently given by
L = Z, (C2)
L′ = X, (C3)
R = cos(θ)Z + sin(θ)X, (C4)
R′ = − sin(θ)Z + cos(θ)X, (C5)
in terms of the pseudo-Pauli operators
Z = |l〉 〈l| − |↔〉 〈↔| , (C6)
X = |l〉 〈↔| + |↔〉 〈l| . (C7)
Here θ/2 is the relative angle between the polarizing beam
splitter settings of the left and right observers. A state is en-
tangled in polarization if
|B| > 2, for some θ. (C8)
In our case we find with Eq. (2) of the main text that
|B| = 21 − ε
1 + ε
|cos(θ) + sin(θ)| . (C9)
Maximizing |B| over θ yields θ = pi/4 and the condition for
entanglement of ρpol given by Eq. (3) of the main text.
Appendix D: Weisskopf-Wigner theory of the Purcell effect
In this appendix we derive analytically the amplitudes ce(t),
ca(t) and Ck(t) of the Weisskopf-Wigner (WW) Ansatz of
Eq. (4) of the main text. Since the left and right subsystems
evolve independently at this stage we suppress the α = L,R
index, and focus only on one side of the system. The pho-
ton pair state is then immediately obtained by linearity. Our
starting point is the Hamiltonian (we set ~ = 1)
H = HJC + Hbath + K, (D1)
HJC = ωca
†a +
ω0
2
σz + g
(
aσ+ + a†σ−
)
, (D2)
Hbath =
∑
k
ωkb
†
kbk, (D3)
K = ν0
∑
k
(
bka
† + b†ka
)
. (D4)
For the spin-conserving transition with transition frequency
ω0 = ωl ≡ E(cb)↑ − E(lh)↑ , σz represents the Pauli matrix for
the effective two-level system consisting of spin-↑ conduction
band level and the spin-↑ light-hole state, i.e.,
σz = c
(cb)†
↑ c
(cb)
↑ − c(lh)
†
↑ c
(lh)
↑ ,
σ+ = c(cb)
†
↑ c
(lh)
↑ ,
σ− = [σ+]†. (D5)
For the spin-flipping transition with frequency ω	 ≡ E(cb)↓ −
E(lh)↑ , the Pauli matrices are defined analogously. Next, a (a
†)
represents the annihilation (creation) operator for a photon in
the cavity mode with frequency ωc. The coupling strengths
between the electronic transition and the cavity mode is de-
noted with g, and bk (b
†
k) denotes the annihilation (creation)
operator for a photon with frequency ωk in the continuum.
In the wide-band limit, the coupling strength ν0 between the
one dimensional quasi-continuum and the cavity mode deter-
mines the cavity linewidth as κ = ν20L/(2c) where L/(2pi) is
the quasi-continuum mode volume and c the velocity of light.
Substituting the ansatz of Eq. (4) in the main text into the
associated Schro¨dinger equation yields the differential equa-
tions
i
d
dt
ce(t)ca(t)
Ck(t)
 =
 ω0ce(t) + gca(t)gce(t) + ωcca(t) + ν0 ∑k Ck(t)
νkca(t) + ωkCk(t)
 . (D6)
The solution is most easily obtained by Laplace transform us-
ing the initial conditions ce(0) = 1, ca(0) = Ck(0) = 0. In
Laplace space, we then find the following algebraic equations
(s denotes the Laplace variable)
sce(s) − 1 = −iω0ce(s) − igca(s), (D7)
sca(s) = −igce(s) − iωcca(s) − iν0
∑
k
Ck(s), (D8)
sCk(s) = −iν0ca(s) − iωkCk(s). (D9)
Solving for the Laplace amplitudes we find
ce(s) =
s + iωc + κ
(s + iω0)(s + iωc) + (s + iω0)κ + g
2 , (D10)
ca(s) =
−ig
(s + iω0)(s + iωc) + (s + iω0)κ + g
2 , (D11)
Ck(s) =
−ν0g
s + iωk
1
(s + iω0)(s + iωc) + (s + iω0)κ + g
2 . (D12)
9Here, we have applied the WW approximation and introduced
the cavity damping rate κ according to
∑
k
ν20
s + iωk
≈ κ + i∆Ω. (D13)
The imaginary part ∆Ω yields a frequency renormalization
similar to the Lamb-shift, which we shall ignore in the fol-
lowing, as this shift is typically small in the optical frequency
regime. The WW approximation is valid for weak enough
damping, such that κ  ωc, ω0 and is essentially equivalent
to a Born-Markov approximation as we have established by
comparing the analytic results below for the intra-cavity and
electronic states with a numerical Lindblad master equation
calculation (not shown). Note that in the optical regime, the
above condition is easily satisfied and the WW approximation
is expected to be adequate.
The poles of ce(s) and ca(s) are found to be given by
s± = −i
ω0 + ωc
2
− κ
2
± 1
2
√
κ2 − δ2 − 4g2 + 2iκδ, (D14)
where we have defined the detuning δ ≡ ωc − ω0. Ck(s) has
an additional imaginary pole at s0 = −iωk. In the regime of
interest δ, g  κ, the poles are well approximated to order
(g/κ)2 and (δ/κ)2 by
s+ ≈ −i
(
ω0 − δ
(g
κ
)2)
− g
2
κ
, (D15)
s− ≈ −i
(
ωc + δ
(g
κ
)2)
− κ + g
2
κ
. (D16)
In the optical regime, the frequency shifts may further be
safely neglected since ω0, ωc  |δ|. Hence, s+ = −iω0 − g2/κ
and s− = −iωc−κ+g2/κ. The inverse Laplace transform of the
amplitudes amounts to a summation over residues and yields,
to second order in g/κ and δ/κ
ce(t) =
1
∆ck − ∆0k
[(
iδ + κc
)
e(−iω0−κ0)t − κ0e(−iωc−κc)t
]
, (D17)
ca(t) =
−ig
∆ck − ∆0k
(
e(−iω0−κ0)t − e(−iωc−κc)t
)
, (D18)
Ck(t) = −ν0g
[
e−iωk t
∆ck∆
0
k
+
1
∆ck − ∆0k
e(−iωc−κc)t
∆ck
− e
(−iω0−κ0)t
∆0k
 ],
(D19)
with
∆0k = κ0 + iω0 − iωk, κ0 ≈
g2
κ
, (D20)
∆ck = κc + iωc − iωk, κc ≈ κ −
g2
κ
. (D21)
In the long time limit t  κ/g2 we obtain from Eq. (D19)
the results of Eq. (5) in the main text. Fig. 5 of the main text
illustrates Eqs. (D17) to (D19) for the resonant case δ = 0.
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FIG. 7. Reduced model for the numerical simulation of CHSH in-
equality violation in the presence of electronic decoherence. The
dashed arrows represent non-radiative electronic decoherence.
Appendix E: Entanglement in the presence of electronic
decoherence
In the main text we have assumed that the photon emission
process takes place on a time scale short compared to the co-
herence time T2 of the QDs. Here, we investigate numerically
the effect of electronic decoherence on the CHSH inequality
violation of the intra-cavity photon state for a perfect cavity
with κ = 0. To this end we consider the reduced QD model
consisting of two three-level “atoms”, each resonantly cou-
pled to two cavity modes as depicted in Fig. 7.
We shall consider electronic relaxation determined by the
non-radiative relaxation rates γ01 and γ02 for transitions from
states |2〉 and |1〉 to the state |0〉 as well as electronic dephasing
with rates γϕ01 and γ
ϕ
02 due to fluctuations of the corresponding
transition energies. This corresponds to an effective coherence
time for the double dot of T2 ≈ 1/(γ01/2+γ02/2+γϕ01+γϕ02). As
before, the Hamiltonian of both QD-cavity systems decouples
into a sum as H = HL + HR with (we set ~ = 1)
Hα = ω01
(
|1〉 〈1| + a†αaα
)
+ ω02
(
|2〉 〈2|α + b†αbα
)
+ g
(
|0〉 〈1|α a†α + |0〉 〈2|α b†α + h.c.
)
, α ∈ {L,R}. (E1)
Note that, in order to most clearly distinguish the effect of
decoherence from other effects, we choose equal coupling
strength g for both transitions. The evolution of the state of
the system ρ, is described within the Born-Markov approxi-
mation by the zero-temperature Lindblad master equation
ρ˙ = −i[H, ρ] +
∑
α=L,R
(
γ01D[σα,−01 ] + γ02D[σα,−02 ]
)
ρ
+
∑
α=L,R
(
γ
ϕ
01D[σα,z01 ] + γϕ02D[σα,z02 ]
)
ρ, (E2)
with D[O]ρ =
(
2OρO† − O†Oρ − ρO†O
)
/2, σα,−i j = |i〉 〈 j|α
and σα,zi j = | j〉 〈 j|α − |i〉 〈i|α. The photonic state ρph = trel
[
ρ
]
, is
obtained by tracing ρ over the electronic degrees of freedom.
Fig. 8 shows the CHSH correlation of Eq. (C1) as a function
of the relative angle θ between left and right observers, for
10
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FIG. 8. Violation of the CHSH inequality with the cavity photons
in the presence of electronic decoherence. The shaded areas indicate
regions where the CHSH inequality is violated.
T2g ≈ 26.7. While decoherence clearly weakens the CHSH
correlation, this simulation essentially demonstrates that as
long as the coupling strength g is large compared with the
decoherence rate T−12 of the QD, the CHSH inequality can be
violated.
Appendix F: Effect of cavity cross-talk
In this appendix we investigate quantitatively to what extent
cavity cross-talk affects our entanglement transfer scheme. To
this end we perform a numerical simulation of the coherent
system including a polarization conserving cavity-cavity cou-
pling term of the form gph(a
†
LaR + b
†
LbR + h.c.). We use the
notation of Appendix E. Fig. 9 shows the maximal Bell in-
equality violation achievable after half a (bare) Rabi period
∼ 1/g. We see that while the correlation signal is clearly re-
duced by a finite inter-cavity coupling, it still surpasses the
threshold of 2.0 demonstrating entanglement, roughly as long
as gph < g. Furthermore, in the experimentally relevant case
where the photons are coupled out of the cavities, the pop-
ulation of the cavity modes remains small at all times and
is of order (g/κ)2  1 (see Appendix. D and panel (c) of
Fig. 5). Hence the effective cavity-cavity coupling rate is re-
duced compared with the coherent case.
Appendix G: Typical values of the parameters
In this appendix, we estimate the typical range of values
for various parameters used in our theory. A typical value of
the coupling strength between the quantum dot and the cavity
field is g ≈ 20 GHz [33]. Choosing a cavity decay rate of
κ ≈ 100 GHz, leads to an induced bandwidth of g2/κ ≈ 4 GHz
for the conduction band levels. The Zeeman splitting for a
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FIG. 9. Maximal violation of the CHSH inequality after half a Rabi
period in the presence of inter-cavity coupling with strength gph.
When the inter-cavity coupling is weaker than roughly the electron-
photon coupling in each cavity, the CHSH inequality is violated
(shaded area).
magnetic field strength of 10 mT is ∼ 0.1 GHz. Thus for these
parameters by using a magnetic field which is weaker than
10 mT, Bell’s inequality can be violated. A typical intrinsic
coherence time of the self-assembled quantum dots is T2 ∼
0.1 µs (1/T2 ∼ 0.01 GHz) [41]. A typical value of Cooper pair
splitting rate is Γc ≈ 2 GHz [14]. Thus the various conditions
(g2/κ  ∆(cb)Z , g/κ  1, g2/κ  1/T2, and Γc  1/T2)
essential for demonstrating entanglement in our scheme, can
be satisfied with current technology.
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